We analytically calculate the local density of states for Cauchy random band matrices with strongly fluctuating diagonal elements. The Breit-Wigner form for ordinary band matrices is replaced by a Levy distribution of index µ = 1/2 and the characteristic energy scale α is strongly enhanced as compared to the Breit-Wigner width. The unperturbed eigenstates decay according to the non-exponential law ∝ e − √ αt . We also discuss the localization length for this type of band matrices.
Introduction and Model
Band matrices with random elements appear in a varity of physical problems in the context of quantum chaos and localization. 1,2,3,4,5 A detailed analytical investigation of the properties of such matrices was performed by Fyodorov and Mirlin 3 using Efetov's supersymmetry technique. 4 Later, motivated by the localization problem of two interacting particles, Shepelyansky introduced and studied random band matrices superimposed with strongly fluctuating diagonal matrix elements. 6 Subsequent work on this type of matrices 7 showed the existence of the BreitWigner regime where the eigenstates have a very peaked structure inside an eventual localization domaine.
In all these cases the matrix elements were drawn from a regular, typically gaussian, distribution with finite variance. In the present work, we extend these band matrix ensembles 6, 7 to the case of Cauchy distributed matrix elements. In an early work, Lloyd 8 already introduced and studied a model with diagonal Cauchy distributed disorder. A detailed study of the level statistics of full random matrices 9 with elements drawn from the more general Levy distribution 10 was performed by Cizeau and Bouchaud. Band matrix ensembles with Cauchy distributed matrix elements were recently argued to be relevant and studied numerically in the context of the localization problem of two interacting particles. 11, 12 In this work, we present analytical results concerning the wave function properties for a model which differs from that of Cizeau et al. 9 by two important features: it concerns a banded and not full matrix, and its diagonal elements are typically much larger than the off-diagonal coupling elements.
Actually, we think that this case is of particular interest for a generic disordered fermionic many particle problem 13 where non-interacting eigenstates are coupled by quasi-random twoparticle interaction matrix elements. There is an interesting and subtle regime 14 where the effective two-particle level spacing is smaller than the typical interaction matrix element while typical eigenstates are nevertheless composed of many non-interacting eigenstates. In this regime, we can diagonalize the problem for two particles by perturbation theory and apply the corresponding unitary transformation to the full many-particle Hamiltonian. This provides a new type of random matrix with residual three-body interaction matrix elements typically given by perturbative expressions with denominators, containing independent random non-interacting energy differences. Iterating this procedure one also obtains higher order contributions. Flambaum et al. 15 have argued that such denominators give effective distributions for these matrix elements characterized by long tails with the same power law as the Cauchy distribution. Even though the real situation is more complicated, this argument indeed shows the relevance of Cauchy random matrix ensembles.
The model we consider is a random band matrix of dimension N × N and of width b 1 whose matrix elements are of the form
These matrix elements are statistically independent and distributed according to a Cauchy distribution p a (x) ≡ π −1 a/(a 2 + x 2 ) where the width a is given in terms of two parameters W and U 0 via a ≡ W/π for η k and a ≡ U 0 for U kl . In this paper, we consider the orthogonal symmetry class where H is real symmetric. The generalization to the other symmetry classes is straightforward. We will furthermore concentrate on the case where U 0 is sufficiently large to avoid a simple perturbative situation but still so small that the total density of states will essentially be dominated by the unperturbed diagonal elements only.
For ordinary band matrices 7 with a finite variance of U jk , this case corresponds to the Breit-Wigner regime where the eigenstates are in addition to an eventual space localization also localized in the (unperturbed) energy space, i. e. only the sites j with |E − η j | Γ essentially contribute to an eigenstate of energy E where Γ ≈ 2π(2b) |U jk | 2 /W W is the Breit-Wigner width. This can be seen in the local density of states at site j which is a Lorentzian in (E − η j ) of width 7 Γ/2.
Local Density of States
We first calculate the average local density of states,
jj j , for the Cauchy band matrix ensemble. The average · · · j is taken with respect to all random matrix elements except the diagonal element η j at the site j under consideration. As in the original Lloyd model 8 the average over the other diagonal elements η k , k = j can be exactly performed by replacing in the definition of the Green function these elements according to:
Using a general algebraic identity for the block inverse of a matrix, we obtain
where · · · U denotes the average over U jk only, andG (1) reproduces the Lorentzian Breit-Wigner form of width Re[Γ j (U )]/2 for a given realization of the coupling matrix U . For ordinary band matrices this width is a self-averaging quantity and the further U -average does not modify the Breit-Wigner form. However, for the case of Cauchy band matrices Γ j (U ) is strongly fluctuating and the U -average will considerably modify the Breit-Wigner form. Now, we consider the limit |E| W and we neglectŨ in the definition ofG (+) which is possible for the regime we consider. Using,G (+) ≈ (−i π/W )1 1 N , we obtain
where φ(z) is a function of z ≥ 0. In the limit b 1, the integral (2) is dominated by the behavior at small t. Using the approximation ln φ(
Here L µ (s) represents a Levy distribution of index 10 µ with the behavior L µ (s) ∝ s −1−µ for |s| 1. The expressions (3) provide the first important results for the Cauchy band matrix ensembles. They show that the local density of states is still a peaked function of (E − η j ) but with two important modifications. First, the Lorentzian Breit-Wigner form is replaced by the Levy distribution L 1/2 , and second, the characteristic energy scale behaves as α ≈ (4/π) b Γ Γ where Γ is the Breit-Wigner width for ordinary band matrices (with a finite variance U 2 jk ≡ U 2 0 ). We mention that the approximation to neglect the contribution ofŨ inG (+) is valid for α W , i. e. U 0 b W . The first modification has an important implication for the time-evolution of a state |ψ(t) > initially localized at one site, |ψ(0) >= |j >. Then, the average of the amplitude < ψ(t)|j > obeys a non-exponential decay law of the form ∝ e − √ α t instead of ∝ e −Γ t/2 . This type of behavior was for instance recently found in the context of many-body effects in cold Rydberg atoms. 16 We conclude that it is a very general feature due to the long tail distribution of residual interaction matrix elements in many-body problems. 15 The second modification concerning the large enhancement of the characteristic energy scale can be qualitatively understood by the fact that for a given realization of U the sum in eq. (1) is essentially determined by the typical maximal value 2b U 0 of the 2b different matrix elements U jk .
It is pretty obvious to generalize eqs. 
Localization Length
It is also possible to calculate analytically 17 the localization length ξ of the Cauchy band matrix ensemble by mapping it onto a supersymmetric one-dimensional non-linear σ model. 4 Here, we only present the result: 17
where the dimensionless parameter γ counts the number of well coupled levels inside a strip of typical length b 1, ∆ = W/2b is the effective level spacing of such a strip, and α is the characteristic energy scale for the local density of states (3) . (For the more general case of Levy distributed U jk , we find:
The relation (4) compares to ξ ∼ b (Γ/∆) for the case of ordinary band matrices. 7, 12 However, it contradicts the expression ξ ∼ b √ γ which was with proper translation of notations previously obtained 12 from a similar Cauchy band matrix model by numerical calculations. We attribute this to the extreme numerical difficulty to access the regime 1 γ b where we expect (4) to be valid. For γ 1 we enter the perturbative regime with ξ ∼ b/ ln(γ −1 ) while for γ b the localization length is likely to saturate at ξ ∼ b 2 . To verify this picture, we have therefore also numerically determined the localization length by the recursive Green function method for 0.001 ≤ γ ≤ 300 and 10 ≤ b ≤ 100. Fig. 1(a) shows the ratio ξ/b as a function of γ. At first sight, it is indeed very difficult to verify the analytical result (4) and a direct numerical fit (e. g. for b = 100 and 2 ≤ γ ≤ 30) gives the power law ξ/b ≈ γ 0.6 rather than ξ/b ≈ γ. To understand this, we note that the number of well mixed levels inside one bandwidth obviously saturates at b for γ > b. It appears therefore reasonable to replace in (4) γ by an effective value γ eff. that interpolates between γ and b. Actually, we find that our numerical data can be well approximated by the scaling curve (see Fig. 1 In summary, we have obtained analytical results for the local density of states and the localization length for Cauchy random band matrices. We find that the Breit-Wigner form is replaced by a Levy distribution with index µ = 1/2 and that the Breit-Wigner width Γ for ordinary band matrices is replaced by a new enhanced energy scale α ∼ b Γ. This energy scale also determines the localization length ξ ∼ b (α/∆).
